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Summary
We present a probabilistic scheme to invert for hypocenters and moment tensors (MTs) of induced seismic events
in 2D heterogeneous media. Our scheme is based on a variant of the Hamiltonian Monte Carlo scheme that uses
the linearization of a misfit function. This algorithm, however, requires a sufficiently accurate prior, which could
be taken from earthquake catalogues. In our case, a detailed subsurface velocity model allows the hypocenter prior
to be obtained via a first arrival based algorithm. Fixing the induced event’s location to this prior, the MT’s prior
is subsequently obtained. Having all necessary priors, we then recover the posterior probability density of the
induced event’s source characteristics, i.e., hypocenter and MT. By comparing the recovered posterior with the
directly modelled events, we infer that our scheme is efficient and practical to invert for source characteristics of
induced seismic events.
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Introduction
Earthquakes can occur naturally or triggered by human activities. The latter mostly results in smaller magnitude
events but may occasionally also lead to disasters (Kwiatek et al., 2015). These induced seismic events usually
originate from fault re-activation linked to industry-related operations. Consequently, monitoring and studying
these events has become an essential task. In practices, this requires a seismic network to passively collect seismic data. The event’s waveform data can then be used to invert for hypocenter and moment tensor (MT). For
the purpose of hypocenter determination, it suffices to have travel time picks (Lomax, 2005). In order to additionally determine an induced event’s MT, however, the waveform fit between modelled and observed data needs
to be minimized (Fichtner and Simutė, 2018). To assess the uncertainty of the inversion results, a probabilistic
algorithm is favourable. This type of inversions, however, is generally computationally expensive and inefficient
in high dimensions (a large number of parameters). A non-linear relationship between model parameters and
data may exacerbate this. Moreover, in the context of seismic source characteristics, forward modelling is often
performed using 1D velocity models which do not fully capture the heterogeneity of the subsurface. To overcome such issues, Fichtner and Simutė (2018) introduce a variant of Hamiltonian Monte Carlo (HMC). In general,
Hamiltonian Monte Carlo sampling of the model space is guided by the gradient of the natural logarithm of the
likelihood (Betancourt, 2017). As such, it samples the model space sufficiently more efficient than, for example,
the conventional Metropolis-Hastings sampler. The variant introduced by Fichtner and Simutė (2018), however,
is contingent on sufficiently accurate on prior information. Hence, to make use of this HMC variant in the context
of induced seismic events, we add an additional step involving a first-arrival based algorithm to estimate the prior.
We integrate this addition to the HMC scheme and implement it in two dimensions using the Groningen subsurface
velocity models.

The forward problem
In the context of induced seismicity, time-dependent surface displacement is often recorded by an array threecomponent surface sensors. Theoretically, in the assumption of a point source (Aki and Richards, 2002), the threedimensional displacement field u due to an induced seismic event can be expressed as a temporal convolution
between the spatial derivative of the elastic Green’s function G and MT M. In two dimensions, it is represented as
ui (t) =

2
2 ∑
∑

Gij,k ∗ Mjk .

(1)

j=1 k=1

the subscripts i, j, and k indicate the spatial orientation with the comma denoting spatial differentiation. Similar
to Mustać and Tkalčić (2016), M can be decomposed into three elementary moment tensors (Figure 1).

Figure 1: Beachball representation of the two-dimensional elementary moment tensors.
Using the elementary moment tensors M n , we compute elementary seismograms S n
∑
n
Sin =
Gij,k ∗ Mjk
.

(2)

j,k

Any specific MT can be represented as a weighted summation of elementary MTs, where the weights an determine
the relative contribution of each elementary MT. Additionally assuming the elementary MTs to have the same time
dependence, we have
M=

3
∑
n=1

(
an Mn =

−a2 + a3
−a1

−a1
a2 + a3

)
,

ui (t) =

3
∑

an Sin .

(3)

n=1

Note that, in practice, we invoke source-receiver reciprocity (Aki and Richards, 2002) to reduce the computational
costs, hence facilitating computation of displacement fields for all possible subsurface locations. Since this study is
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intended to be a proof of concept, we assume the source-time function to be known. In application to field data, we
of course include it in the inversion. Using a two-dimensional Groningen subsurface model, we introduce source
location and receiver geometry in Figure 2. The white triangles depict receiver positions, whereas the induced
event is represented by the red star (x = 4400 m, z = 2500 m, and origin time/T0 = 2 s). To obtain the simulated
observed data we use (180000, 210000, and -500000 as a1 , a2 , and a3 . By using equation 3, These coefficients
then translated into -7.1, -2.9, and 1.8 (x105 N/m) for Mxx , Mzz , and Mxz /Mzx , respectively. The obtained traces
are corrupted with noise in the frequency domain, varying amplitude and giving time shifts to the waveforms.

Figure 2: S-wave velocity model and source-receiver setting used for forward modelling.

Hamiltonian Monte Carlo
HMC is extensively described in Betancourt (2017). In general, it is a member of the larger family of Markov
chain Monte Carlo algorithms. The ultimate goal of HMC is to sample the posterior distribution ρ(m|d) efficiently,
where m and d are the model and data vectors, respectively. Bayesian inference aims at retrieving the posterior
distribution from the likelihood ρ(d|m) between observed and modeled data, while at the same time incorporating
prior knowledge through the prior distribution ρ(m)
ρ(m|d) ∝ ρ(d|m)ρ(m).

(4)

The main concept of HMC comes from classical mechanics for its application in statistical mechanics. In a classical
mechanical context, Hamilton’s equations uniquely define the time evolution of a system. The total energy of this
system is given by the Hamiltonian H(m, p), which is a sum of the potential energy U (m) and the kinetic energy
K(p). The latter being defined as
U (m) = − ln ρ(m | d)

and K(p) = pT M−1 p/2,

(5)

respectively. Here, m is a vector that containing the model parameters and a specific model can be interpreted as
the position vector of a particle. This particle moves through so-called phase space with momentum given by the
momentum vector p. Furthermore, M is the mass matrix. Assuming Gaussian observational errors and a Gaussian
prior distribution, for a single receiver, the formulation of U(m) can be written as
[
)2
(
)2 ]
2 (
1 ∑ ui (m) − uobs
1 m − mprior
i
U (m) = −
−
(6)
2 i=1
σd
2
σm
2
with mprior containing the expectations of the model parameters, and σm
their variance. Similarly, σd2 accounts for
obs
the observational uncertainties. Finally, ui denotes the observed displacement and ui the modeled displacement.
In our case the model parameters will consist of the hypocenter, elementary MTs, and origin time. As mentioned
above, the trajectory of a particle in phase space is governed by Hamilton’s equations

∂K
dm
=
,
dτ
∂p

dp
∂U
=−
dτ
∂m

(7)

with τ being the artificial time. The particle will arrive at a new position m(τ ) with momentum p(τ ) after some
’time’ τ . This new model m(τ ) is accepted with probability
[
]
exp[−H(p(τ ), m(τ ))]
θ = min 1,
.
(8)
exp[−H(p, m)]
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If accepted, this new position will then serve as an initial position and the process of Hamiltonian dynamics will
then be repeated given a new momentum until a sufficient number of samples is drawn. The highest computational
burden in HMC is in evaluating equation 7, specifically in calculating ∂U /∂m. To reduce computational burden,
we follow Fichtner and Simutė (2018) by expanding ui around m0
Nm
(
) ∑
(
)(
)
∂
ui (t; m) = ui t; m0 +
ui t; m0 mp − m0p
∂m
p
p=1

(9)

where Nm is the number of model parameters. By inserting this expression in equation 6 we end up with
m
∑
(
)
∂U
=
Apq qq − qq0 + bp
∂mp
q=1

N

(10)

with the expression for potential energy
U (m) =

Nm
Nm
(
)
(
) ∑
(
) 1
1 ∑
bp mp − m0p + c.
mp − m0p Apq mq − m0q +
2 p,q=1
2
p=1

(11)

Equation 10 and 11 can be computed easily by first evaluating Apq , bp and c which only depend on a prior vector
m0 . This prior, however, might be unavailable for most induced seismic events. It is for this reason that we first
estimate the hypocenter by means of travel time picks, after which we run HMC to obtain the full posterior of our
forward modelling parameters. For a detailed derivation of Apq , bp and c, we refer to equation 13 in Fichtner and
Simutė (2018).

Results and discussion
Having all datasets given our setting in Figure 2, we first estimate the prior distribution of the hypocenter coordinates using equal-differential time (EDT) algorithm developed by Lomax (2005) where the modeled arrival times
are obtained using the fast marching method. By setting the ’first arrival’ uncertainty to be 0.1 s we present the
result in Figure 3 (top panel). In addition, we also able to estimate the prior for the origin time given the hypocenter
prior. Meanwhile for the MT parameters we perform an initial run of the HMC sampler with a fixed location and
origin time (taken from the posterior mean of EDT results). The data uncertainties are set to be 30% of the maximum absolute amplitude of each the event waveforms. The model uncertainty is set to infinity, effectively yielding
an uniformed prior. Running the HMC scheme, we plot the results in figure 3 (bottom panel). The coloured dashed
lines are the true value and the black solid and dashed lines are the mean and standard deviation.

Figure 3: The posterior of hypocenter obtained from EDT (top) and the posterior of the elementary MTs after an
initial model run of the linearized HMC scheme. In this initial run, the event’s hypocenter and origin time are fixed
to the position obtained using the EDT.
Taking the means from the initial MT inversion as MT priors, we then invert for all parameters simultaneously
through a number of separate model runs. In each model run we take all posterior means as m0 to obtain the new
A,b and c to evaluate equation 10 and 9. We show the final results in figure 4. As depicted, the true parameters
(solid red) are in the range of the standard deviation intervals (dashed blue) with the posterior means (solid blue)
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close to the true parameters. In addition, we also plot their corresponding traces in figure 5. As depicted, traces
obtained by using the posterior means (blue traces) fit nicely with the simulated ’observed data’ (red traces). In
the end, we infer that these systematic stages of inversion could be used to invert parameters of induced seismic
events in our case hypocenters, MTs and origin time when no prior information available while still account for
our subsurface heterogeneity. Importantly, by expanding our waveform using equation 9, we could perform an
efficient sampling of model parameters using Hamiltonian Monte Carlo algorithm.

Figure 4: The final result of inverting all parameters simultaneously.

Figure 5: The comparison of traces obtained using the posterior means (blue) and the simulated observed traces
(red).
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